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INJECTIVITY RADIUS BOUND AND GOOD LEAF
FOLIATION IN 3-MANIFOLDS
LI MA
Abstract. In this short note, we study the injectivity radius bound
for three dimensional complete and non-compact Riemannian manifold
with good leaf foliations and with bounded curvature up to first order.
We obtain the injectivity bound by using the minimal surface theory
and the Gauss-Bonnet theorem.
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1. main result and its proof
In order to use Hamilton’s Cheeger-Gromov convergence theorem of Ricci
flows, we need to know the uniform injectivity radius lower bound of the
underlying Riemannian metrics. That is to say, we need to handle the local
collapsing of a family of Riemannian manifolds. Generally speaking, this is
a hard work. However, there are two most useful approaches to this goal.
One is to find the volume lower bound via the use of results in the paper
of Cheeger-Gromov-Taylor in 1982 [2]. The other is to use Perelman’s W-
functional [6] on Riemannian manifolds.
In this note, we propose the minimal surface method on three dimensional
complete non-compact Riemannian manifold (M,g) with bounded curvature
up to first order and with a ”good leaf foliation”. Here, the bounded cur-
vature up to first order just means that both curvature and its covariant
derivatives of the curvature are bounded. The concept ”good leaf foliation”
is defined below.
Definition 1. We say M has a ”good leaf foliation” if there is a proper
function f : M → [0,∞) such that Ωa = {f ≤ a} expanding M as a → ∞
and for almost all a ≥ 0, the leaf {f(x) = a} has positive mean curvature
(or the so called mean curvature convexity ).
Such a foliation may be called a ”mean curvature convexity foliation”
since it also occurs in the study of mean curvature flow. In history, mean
curvature convexity (or the convexity) plays an important role in geometry
[1]. See also the recent work of M.Gromov [3].
The below is our main result.
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Theorem 2. Let (M,g) be a three dimensional simply connected complete
non-compact Riemannian manifold with bounded curvature up to first order
and with a ”good leaf foliation”. Then there a uniform constant b > 0 such
that injrad(M,g) ≥ b.
The proof is to use the minimal surface theory on three dimensional Rie-
mannian manifolds and the main argument is along that of in [4] but simpler.
Proof. (of Theorem 2). We argue by contradiction.
Assume that we have uniform lower bound of the injectivity radius on
(M,g). That is to say, there are rj := injrad(xj , g) → 0 for some sequence
(xj) ⊂ M going to infinity. This implies that we can find for each xj a
geodesic loop γj which may have corner at xj and L(γj, g) → 0. We can
smooth γj at xj and get a approximated geodesic loop, which is still denoted
by γj . Then we can span a minimizing disk Dj over the curve γj (which is
the so called Douglas-Morrey minimal surface). The minimal disk Dj can
not touch any point in the level set f(x) = 0 since it has the property that
∆f > 0 on f(x) = 0.
We claim that the minimal disk is between two level sets of f of uniform
width, saying the bounded region Ωj, which is exact the region obtained by
two leafs bounding the circle γj . We can say that the region Ωj is the region
between f = aj + Lj and f = aj with Lj ≤
1
2
L(γj , g) ≤ 3rj . The reason is
below. If we have an interior point pj ∈ Dj such that f(pj) > aj +Lj, then
setting mj := sup{c ∈ f(Dj)}, we can use some level set f(x) = mj − ǫ :=
tj > aj + Lj to cut from the disk Dj a small loop τj on the leaf f(x) = tj.
Using Theorem 1 in the paper of Meeks-Yau [5], we can construct another
minimizing disk Bj spanning τj such that Bj ⊂ {f(x) ≤ tj}. Note that for
ǫ > 0 small, Dj
⋂
{f(x) ≥ tj} is a minimal disk. That is to say, we obtain
two different minimizing disks spanning the small loop τj, which contradicts
to the uniqueness result of minimal surface for small enough loops.
We now consider the rescaling metric gj :=
1
r2
j
g of the metric g at xj.
Recall that |Rm(gj)|gj = r
2
j |Rm(g)|g → 0 as j → ∞. Then we know by
our curvature assumption that the Gromov-Hausdorff limit (M∞, g∞, x∞)
of the pointed Riemannian manifolds sequence (M,gj , xj) is one of the
flat space R×T 2, and R2 × S1. Note that M∞ = R
3 is impossible since
injrad(x∞, g∞) = 1. Now the rescaling minimal disk Dˆj of the minimal
disk Dj is bounded in a region of maximum diameter no more than two in
the metric gj . Hence its limit D∞ in (M∞, g∞, x∞) is a flat disk. By this
we know that the area A(Dˆj) is uniformly bounded. Then we can use the
argument in [4] to get a contradiction. For completeness, we repeat it here.
In below we rewrite Dj as Dˆj for simplicity. On the surface Dj with the
unit normal vector N and the second fundamental form Aj of Dj ⊂M , we
know that
Rcgj(N,N) +
1
2
|Aj |
2 =
R(gj)
2
−Kj .
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Here Kj is the Gauss curvature of the minimal surface Dj and Rcgj and
R(gj) are the Ricci and scalar curvatures of the metric gj respectively. Then
using Rcgj → 0 we have
1
2
|A|2 +Kj ≤
R(gj)
2
−Rcgj (N,N)→ 0
and by using the uniform area bound of Dj ,∫
Dj
Kj ≤
1
2
∫
Dj
R(gj) ≤ sup
Dj
|R(gj)− 2Rcgj(N,N)|A(Dj)→ 0.
Note that
∫
τj
kgj → 0 where k(gj) is the geodesic curvature of the almost
geodesic loop τj.
Recall that the Gauss-Bonnet formula (and here we know that Dj ’s are
embedded) ∫
Dj
Kj +
∫
τj
kgj = 2π,
which gives us a contradiction since both terms in left side tend to zero or
less than zero as j →∞.
This completes the proof of Theorem 2.

Remark. One important example which has the leaf foliation as in the
conditions of Theorem 2 is the three dimensional complete non-compact
riemannian manifold with bounded and positive Ricci curvature as used in
[4]. In the latter case, one simply takes f as the Busemann function defined
by a ray.
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